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Plan for the talk

© Motivation

@ PVA cohomologies
© dPA and dPVA

@ dPVA cohomology

Based on arXiv:2509.21232 with Daniele Valeri (La Sapienza, IT)


https://arxiv.org/abs/2509.21232

Classical Poisson cohomology

Fix a commutative associative k-algebra A (® := ®x)

Recall (A,{—,—}) is a Poisson algebra if {—, -} : A® A — A linear s.t.
(skewsymmetry) {z,y} = —{y,z}
(Leibniz rules) {z,yz} = yl{a, 2z} + {z,y}z, {ay,z}=a{y,z} +{z, 2}y
(Jacobi identity) {x,{y,z}} — {v,{z,2}} = {{z,y}, 2}



Classical Poisson cohomology

Fix a commutative associative k-algebra A (® := ®x)

Recall (A,{—,—}) is a Poisson algebra if {—, -} : A® A — A linear s.t.
(skewsymmetry) {z,y} = —{y,z}
(Leibniz rules) {z,yz} = yl{a, 2z} + {z,y}z, {ay,z}=a{y,z} +{z, 2}y
(Jacobi identity) {x,{y,z}} — {v,{z,2}} = {{z,y}, 2}

X"(A) C Hom(A™A, A) spanned by elements P s.t.
P(ab,ag,...,a,) = aP(b,as,...,a,) +bP(a,as,...,a,).

§Ge(P) (@1, ar1) = Y (=) {mi, P(z1,.7., 2n11)}
1<i<n41

L iJ
+ Z (—1)1+JP({$Z',$J'},JJ1,.T.,.f.,l‘nJrl).

1<i<j<n+1

From CE differential ~ Hgg(A) := H(X(A),dcE).



Kontsevich-Rosenberg principle

Field k char. 0, k =k

Following [Kontsevich, '93] and [Kontsevich-Rosenberg, '99] (N € NX)

associative k-algebra —  commutative k-algebra
A —  Ayx:=k[Rep(A, N)]

Ap is generated by symbols a;;, Va € A, 1 <1i,5 < N.
Rules : 1ij = dij, (a+0)ij = aij +bij, (ab)ij = 22 airby;.

Goal: Find a property P,. on A that gives the usual property P
on Ay for all N € N*




Kontsevich-Rosenberg principle

Field k char. 0, k =k

Following [Kontsevich, '93] and [Kontsevich-Rosenberg, '99] (N € NX)

associative k-algebra —  commutative k-algebra
A —  Ayx:=k[Rep(A, N)]

Ap is generated by symbols a;;, Va € A, 1 <1i,5 < N.
Rules : 1ij = dij, (a+0)ij = aij +bij, (ab)ij = 22 airby;.

Goal: Find a property P,. on A that gives the usual property P
on Ay for all N € N*

NC Poisson cohomology = Poisson cohomology [Talk, NA Day Online, 22/12/25]

Today: NC PVA cohomology = PVA cohomology
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PVA

Fix a differential commutative associative k-algebra V, 0 € Der(V)
A \-bracket on V is a linear map {—x—} : V. ® V' — V[)] satisfying

(skewsymmetry)  {axb} = —(lo—o{b_r_sa})

(Leibniz rules) {axbe} = b{ayc} + {arb}e,
{abxc} = {aryac}(|z=0b) + {bryac}(|o=sa)
(sesquilinearity) {0axb} = —A{ayb}, {axob} = (A + 0){axb}

(V,{—x—1}) is a Poisson vertex algebra (PVA) when also

(Jacobi identity) {ar{buc}} — {bu{arct} — {{arxb}rspuct =0



PVA

Fix a differential commutative associative k-algebra V, 0 € Der(V)
A \-bracket on V is a linear map {—x—} : V. ® V' — V[)] satisfying

(skewsymmetry)  {axb} = —(lo—o{b_r_sa})

(Leibniz rules) {axbe} = b{ayc} + {arb}e,
{abac} = {arsachlamod) + {brsec(lomoa)
(sesquilinearity) {0axb} = —A{ayb}, {axob} = (A + 0){axb}

(V,{—x—1}) is a Poisson vertex algebra (PVA) when also

(Jacobi identity) {ar{buc}} — {bu{arct} — {{arxb}rspuct =0

Example

If (A,{—,—}) is a Poisson algebra, then its jet algebra J, A is a PVA for
the \-bracket uniquely determined by: Va,b € A, {axb} = {a,b}.




Big picture about PVA cohomologies

Mainly from [De Sole-Kac, 2013]

e I'(V) space of basic cochains
~~ basic PVA cohomology Hy.s(V)

o I(V) =T(V)/or(V)
~ reduced PVA cohomology H;eq(V)

e C"(V) space of n-\-brackets
~~ variational PVA cohomology P, H(V)

Hpas(V) — Hrea(V)

|

PyH(V)

Vertical map obtained from an injection I'(V') — C'(V)
For an algebra of differential polynomials: iso thus H,eq(V) ~ P H(V)



Basic cochains I'(V)

degree 0: TO(V) = V
degree n. > 1: X € I"™(V') is a basic n-cochain when

X :veon VIAdL, ..o ], a1 ®--Qap = Xy, a,(a1,...,an),
satisfies skewsymmetry + Leibniz rules + sesquilinearity as

Xy, (@, ..o a,) = — Sgn(T)XAT(l),..--,AT(") (ar@1), -+ Ar(n)), VT € Sy;
Xy, (ar, .o aim1,bc,ai41, -0y an)

=X itz it (@15 @1, 0, @41, an) (Je=aC)

FX 0 Nt Atz A A (155 @1, € g1y - Q) (Je=0));

X, (a1, oo ai—1,0a4, 0541, ..., an)



Basic cochains I'(V)

degree 0: TO(V) = V
degree n. > 1: X € I"™(V') is a basic n-cochain when

X :veon VIAdL, ..o ], a1 ®--Qap = Xy, a,(a1,...,an),
satisfies skewsymmetry + Leibniz rules + sesquilinearity as

X)\l.,..,)\n (a17 cee aan) - - Sgn(T)X)\T(l),...,)\T(,,,) (a'r(l); ey aT(n))v VT € S?L;

Xy, (ar, .o aim1,bc,ai41, -0y an)

=X itz it (@15 @1, 0, @41, an) (Je=aC)
FX 0 Nt Atz A A (155 @1, € g1y - Q) (Je=0));
X, (a1, oo ai—1,0a4, 0541, ..., an)

=X, oo (ar, . a1, a0, 041, Gn)

@ d concatenation product f"(V) ® ff(v) N f"M(V)
0 A T™(V) by (0X)a(a) ;= A1+ -+ A + ) X (a)



The differential on I'(V)

Assume that (V,{—,—1}) is a PVA.
Definition
For every X € T(V) let §(X) : VOO +D 5 VA1, ..., App1] be

S(X)Al 77777 An+1 (a'la cee 7an+1)
n+1 ;

—Z lH{az,\ N (a17~7-,an+1)}

RNl gosog n+1

+ Z (-1)"* X N ({ai,\iaj},al,.%..]T.,anﬂ).

1<i<j<n+1




The differential on T'(V)

Assume that (V,{—,—1}) is a PVA.
Definition
For every X € T(V) let §(X) : VOO +D 5 VA1, ..., App1] be

S(X)Al ----- An+1 (a'la cee 7an+1)
n+1 ;
_Z H—l{am )\1’.%"))\”+1(a1,.T.,an_H)}

+ E (1)t x v, ({ai,\iaj},al,.f..f.,anH).
1<i<j<n+1 i

Example
n=0,1: 5(c) = {=ac}; 6(X)xu(a,b) = {arX,(b)} — (b, Xx (@)} — Xoru({arb})
Then 82(c)x u(a.0) = {ax{buc}} — (Bufareh} — {{arbhasuc)




The basic PVA cohomology

Theorem ([De Sole-Kac, 2013])

Let V be a PVA and let T(V) be the space of basic cochains.

@ The linear map & gives a well-defined map & : T™(V) — I (V).
@ It commutes with the action of & on T'(V'). Moreover, 62 = 0.

( )
basic PVA cohomology
Hbas(v) = @ Hbas
TLGZZO
1o (V) = ker(3lz ) /ST (V)
L J




The reduced PVA cohomology

By the theorem, (AL'(V),8) C (L'(V),8) is a subcomplex.
Then, form the complex (I'(V'), §) where

(V) =T(V)/or(V) = € T™(V), I™(V)=TI"(V)/or"(V),

nGZZO

and § : T(V) — I(V) is induced by 4.

Reduced PVA cohomology
Hred(v) = H(F(V)a 5) = @ H?ed(v)

TLEZZO




poly-A-brackets C'(V)

degree 0: CO(V) =V, := V/OV
degree n > 1: A n-A-bracket is

{x = = =V S VA, ]

that satisfies skewsymmetry + Leibniz rules 4 sesquilinearity as

{al)\l co an,1A71_1a71} = Sgn(’r)‘)\n:)\i1 {aT(l))\T(l) e aT(n—l))\T(n,l)aT(n)}
V7 € 5,, where )\IL = =A== A1 — O

{air, ---ben, o @no1x, Qn}

1<ign—1
= {a1x, - bxiga - Gn1xn,_ an}(|o=0¢)

{a1>\1 o C\4x e an—lkn,lan}(“—@b)‘

h 1<i< 1
{arn, ~ - a (Pai)n, - An_1n,_1an} = =N{ain, - @n_1x,_,0n}

{(1'1)\1 o U'n,f'l)\,,,1 <()(1n>} — (/\l et /\717'1 + 0){(1*1)” o (Irzf'l)\,,,|(l'n}-



The differential on C (V)

Assume that (V,[—,—]) is a PVA.

Definition
Forevery c:={—), — - —a,_,—} € C™(V) let
d(c) : Ve 5 VIA,..., An] be
n+1 s
d(e)ry,. (@1, ..., Gng1) = Z(—l)SJr1|/\n+1:,\;+ [asAs{alAl oc anAnan+1}]
s=1

S
+ g (_1)S+t|)\n+1:>\2+1{[as)\satb\ﬁ)\t(zl)\l el an)\nanJrl} .
1<s<t<n+1




The differential on C(V)

Assume that (V,[—,—]) is a PVA.

Definition
Forevery c:={—), — - —a,_,—} € C™(V) let
d(e) : yentl V[/\l, ey )\n] be

n+1

s
d(C)A1 ..... An (al, oo ,CLn_;’_l) = Zl(—1)5+1|>\n+1:>\;+1 [aSAS{alAl .. an)\nan_l,_l}]
s=
s t
+ Z (_1)S+t|)\n+1:>\2+1{[as)\satb\ﬁ)\tal)\l el an)\nanJrl} .
1<s<t<n+1

Example
2= 0,1: d(fa) = —[sx—]mo = ~Lfa,~

d(D)a(b; ¢) = [D(b)xc] + [baD(c)] — ([bkc])
Then d*(fa)(b, ¢) = ([au[bacl] = [balac]] = [[aubla+yc]) lu=o




The variational PVA cohomology

Theorem ([De Sole-Kac, 2009&2013])

Let V be a PVA and let C(V') be the space of poly-A-brackets.

Then, the linear map d gives a well-defined map d : C™(V') — C™"+L(V).
Moreover, d* = 0.

variational PVA cohomology

P.H(V) = H(C(V),d)= @ P.H"(V)

’I’LEZZO

PH™(V) = ker(d|en(vy)/ d(C"H(V))

\

P.H(V)={faeV;|[[a,b] =0Vb € V} =: Cas(V) (centre of V; ~ V)
P\,Hl(V) Der((V, [ D /Inn(V)

J
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Double (Poisson) brackets

A is a unital associative fin. gen. algebra over k, ® := ®

Definition ([Van den Bergh,'08])
A double bracket is a k-linear map {—, -} : A® A > AR As.t.

O {a, b} =—{b,a}’ (cyclic skewsymmetry)
0 {a,bc} =0bx1){a,c}+ {a,b} (1®c) (outer derivation)
© {ad,b} =1 ®@a){d, b} + {a,b} (d®1) (inner derivation)

A double bracket is Poisson if “double Jacobiator” DJac : A®3 — A®3,

DJac(a,b,c) = {a, {b, c} Y + 7123) {0, {c, a} B 1 + 7132 {e; {a, 0} }
is identically zero.

v

In the def, we use:
(1 ® - Qar)’ =ar®a1 Q- ®ak—1 (k=2) and {a, X' @ X"}, := fa, X'} @ X"

We work over k, although everything works over B — A



Relation to the Kontsevich-Rosenberg principle

Ap generated by symbols a;j, Va € A, 1 <14,j < N.

Rules : 1 = (Sl’j, (a + b)’i.j = a;; + bgj, ((lb),jj = ZA aik,l)k,j.

Theorem ([Van den Bergh,'08])

If A has a double bracket {—, —}, then for any N > 1

Apn :=k[Rep(A, N)| has an antisymmetric biderivation {—, —} defined by
{aij, b} = {a, b}, fa, 0}y -

If {—, =} is Poisson, then {—,—} is a Poisson bracket.

Proof.

Jac(asj, by, cuw) = DJac(a, b, €)yj.it ke — DJac(a, ¢, b) i iv.ul ]




multibrackets

A n-bracket on A is a linear map {—,...,—} : A®" — A®" such that
(cyclic skewsymmetry) + (Leibniz rule), i.e.

{ar,a9,...,0, 3= (=1)"" {as,...,a,,a1}°,
fai,...;an—1,0c}=0{ay,...,an—1,c} + {ar,...,an—1,b} c.

~> Leibniz rule in each entry
BR(A),, = span{all n-brackets}, BR(A) := ®&,>1 BR(A),

Completed in degree O : ﬁE(A) = %,,ZOEE(A),,, with
BR(A)o = A; := A/[A, A] and BR(A),, = BR(A),



The differential

We follow Chapter 4 of [F-Valeri,2509.21232]

Recall: ER(A) = @nzoéﬁ(A)n with

BR(A)o = A; := A/[A, A] and BR(A),, = span, {all n-brackets}

We denote the double Poisson bracket as [—, —|

Definition

d : BR(A) = @50 Homy, (A1) A®(+1)) s defined in deg. 0 by

d(@): A— A, d@):=-mo[a ], (a € Alift of a € Ay)
indeg.n > 1: H({—}})(a1®...®an+1)

n+1
=Y (-D)™0" {ai,. .., ant1,01, ..., a2, [ai1, ]},
=1

n+1
=+ Z(—l)nl 0'7'_1 [[ai, {G,H_l, ey Qn41,01, .. .,ai_l}ﬂ[,
=1

Recall: (a1 ® - ® apnt1)’ =ns1 Qa1 Q-+ @ an



The cohomology

Theorem

Consider the operation d from the previous definition

@ Foranyn >0, d(BR(A)x) C BR(A)ni1.
Hence, we can view d as a degree +1 endomorphism of BR(A).

@ The linear map d is a square-zero differential on BR(A).

completed double Poisson cohomology

dPH(A) =H(BR(A), d)




Operations on representation algebras

Theorem

Assume that [—, —] € ﬁﬁ(.A)g is a double Poisson bracket, and let
{=, =} =tr([—, —]) denote the associated Poisson bracket on Ay .
Then, there is a morphism of complexes

tr: (Eﬁ(A),a) — (X(AN), (=1)* day,{--1)

which descends to a linear map d/P\H(A) — Hep(Ap) in cohomology.
Furthermore, by GL-invariance, this descends to a linear map
dPH(A) — HCE(.A%LN ) in cohomology.

Proof.

]§\R(A)k—1 P — ]§\R(A)k
Commutativity of J d Jt
T

tr
o (_l)kfl (skfl i
X (Ay) —— X7 (An)

= = = — Ty



2-fold \-brackets

(V,0) is a differential unital assoc. algebra

Definition ([De Sole-Kac-Valeri,'15])

A 2-fold M\-bracket is a k-linear map {—x—} : V®2 — V®2[)] s.t.
O {arb} = — (la—ofb-r—ca}?) (cyclic skewsymmretry)
O {arbc} = (b@1){arc) + {axdb} (1®ec) (left Leibniz rule)
O {adib} = (1® [s=0a) {dri2b} + fariabl (Jo=ad @ 1)  (right Leibniz rule)
O {0a)b} = —\a b}, {a, 00} = (A +0){a b} (sesquilinearity))

Note: under (1), (2) and (3) are equivalent. So only need (1),(2),(4)



DPVA

(V,9) with 2-fold A-bracket {—x—} : V®2 — V®2[)\]. We define:
fax(b@ )} = {arxdb} @c, {arx(b®@c)}r:=bx {arc},
{(a@b)achr := {artzch @1 (la=ad). for (/@)@ y:=2' @y@a”

Definition (DPVA, [De Sole-Kac-Valeri,'15])
(V,0,{—x—1}) is a double Poisson vertex algebra when Va,b,c € V

faxfouch b — fouflarchtr — farbrruchr =0.




DPVA

(V, 0) with 2-fold A-bracket {— —} : V®2 — V®2[\]. We define:
{ax(b@c)}r =faxbpc, {arx(b®@c)}r:=b® {arc}h,
{(a@b)achr := {artzch @1 (la=ad). for (/@)@ y:=2' @y@a”

Definition (DPVA, [De Sole-Kac-Valeri,'15])
(V,0,{—x—1}) is a double Poisson vertex algebra when Va,b,c € V

faxfouch b — fouflarchtr — farbrruchr =0.

Example ([pskv,'15])

For Vl = k(’Uj | _] S ZZ())' 0 : Uj = Ujy1.
Unique DPVA structure such that {upruo} =1®@up —up @1+ (1®@1) A

v

Example ([Bozec—F—Moreau,'25])

If (A, {—x—1}}) is a DPA, then its jet algebra J..4 is a DPVA for the unique
2-fold A-bracket determined by: Va,b € A C Jo A, {arb} = {a,b}.
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Big picture about DPVA cohomologies

We will follow Chapters 9,10 & 13 of [F-Valeri,2509.21232]
e I'(V) space of basic (NC) cochains
~ basic PVA cohomology dHy,.s(V)
o (V) =T(V)/([L(V),L(V)] + T (V))
~ reduced PVA cohomology dH,eq(V)

e C"(V) space of n-fold A-brackets
~- variational PVA cohomology dP,H(V)

dHpas (V) — dHrea(V) Hpas(VN) — Hrea(Vv)
dP H(V) $---------------- » PV H(Vw)
Use functors (V,0) — (Vu, 0) for differential algebras (0(aij) = (0a)ij)

Algebras of NC differential polynomials: vertical maps are isomorphisms



NC basic cochains f(V)

degree 0: T0(V) =V
degree n > 1: X € I"™(V) is a basic n-cochain when

X Ve VPN ], el @ @ an = Xy, (@1, an)

satisfies skewsymmetry Leibniz rules + sesquilinearity as
X)\l-,---7)\n(a1’ ey @i, bC, (07 A (Ln)
= (|a;=8b) *q XA1,...,,\,i,l,,\,i+x,,\,i+1,.../\n (ah ce sy A—1,C Qg1 - e - 7a'n,)
F X0t itz Aty A (155 Gim1, D, @1, - ) *pg1—i ([a=aC);
Xy (ar, .o ai1,0a;, G541, ..., ap)
*; says how many jumps over tensor products to perform:
bki (a1 @ @ apy1) *pp1—iC=a1 @+ R a;cRbaip1 @+ & apy1



NC basic cochains f(V)

degree 0: T0(V) =V
degree n > 1: X € I"™(V) is a basic n-cochain when

X Ve VPN ], el @ @ an = Xy, (@1, an)

satisfies skewsymmetry Leibniz rules + sesquilinearity as

X, (@, oo aim1,be,aiqn, ..y an)

*; says how many jumps over tensor products to perform:
bki (a1 @ @ apy1) *pp1—iC=a1 @+ R a;cRbaip1 @+ & apy1

e 3 (graded) concatenation product I'(V) ® T(V) — I+ (V)
@ I T™V) by (0X)x(a) =N+ -+ A+ 0)X(a)

0(“1 R R an+l) = Z;lill R ® d((lj) ® QD Aprt



The differential on I'(V)

Assume that (V, [—,—]) is a dPVA.

Definition
For every X € I™(V) let §(X) : YO+ 5 pOO+2)[), A 1] be
~ il s
S(X) A1 dnsr (@1, s ang1) = D (=1 [as, XM,-?.,MH(GI’ - an+1)](s)
s=1
+Z X( v As—1As A 415 6425 An 41 (a17"'7a3—17[[as)\sas-s-l]]’as-&-%---,an+1)

fax(b1 @ -+ @ bni1)](s) = b1 ® -+ @ [anbs] @ -+ & brya
X (b1, bs @ C, e bis1) = Xy patasepins (15 bsy e
% replace us by s + O acting on C' which goes in tensor position s + 1

bn+l)xn 1— ~‘1 ()(V



The differential on I'(V)

Assume that (V, [—,—]) is a dPVA.

Definition
For every X € I™(V) let §(X) : YO+ 5 pOO+2)[), A 1] be

n+1

~ S
S(X) Ao dngr (15 s ng) = D (=1 asx, X, o, (a1,-7ant1)] (o)
o 1r s An4 1
+ Z X( 2 b YRIETS VRS U VAP SID Wty (a1,...,as-1, [asr,as41], @512, .., Qn41)

fax(b1 @ -+ @ bni1)](s) = b1 ® -+ @ [anbs] @ -+ & brya
Y;<1 )(bl ----- [ &® C‘- sy bn,+1) :Xpl ..... Hs+x,..., HPn+1 ([)1; sy b,s ----- bn+l) >§‘/1-17~ “1:7{')0
% replace us by s + O acting on C' which goes in tensor position s + 1

Example (n =0, 1)
3(c) = [=acli 8(X)aula,b) = [arX, ()] y — [buXa(@)] ) — X1, (laxb])
Then 62(c)x,(a,b) = [aalbucllz — [bularcllr — [arclrsncle

™ = —y — e




The basic dPVA cohomology

Theorem

Let V be a PVA and let T'(V) be the (super)space of basic cochains.

@ The linear map & gives a well-defined map & : T™(V) — " 1(V).
Moreover, 62 = 0.

@ & commutes with the action of & on (V).

@ 0 acts as an odd derivation, in particular it preserves the subspace of

graded commutators [['(V),T(V)].

basic dPVA cohomology
dHpas(V) = H(T(V), 6)




The reduced dPVA cohomology

By the theorem, we get a subcomplex
(OT(V) + [0T(V), a0 (V)],8) € (T(V),9)
Then, form the complex (I'(V), §) where

rV)= @ ), I"Y)=I"(V)/(0r"(V)+ o0 (V),oL(V)))

’I’LEZZO

and § : T(V) — T'(V) is induced by 4.

Reduced dPVA cohomology
dHeq (V) = H(F(V)7 5)




multi-fold A-brackets C'(V)

degree 0: CO(V) =V, :=V/(0V + [V, V)])
degree n > 1: A n-fold A\-bracket is

f = = VI = VI A A]

that satisfies cyclic skewsymmetry + Leibniz rules + sesquilinearity as

fann,--anny, @ = (<1 (

{{al/\l Ai— 1b Ao An—1x,_,0 }}
l§1,§n 1

An=AL fazx, - amnalﬁa)Q

n=

(|£L’:8b) *i {{a’1>\1 D VIR 6 P anflknflan}}

+{G1Al e )\i_lb)\H»z . 'a’nflAn 10’77,}} *n—i (|x:8c)§
1<i< 1
=T A flana, G A an )

{{al/\l ED ¥ 1(a(li)>\t T An 1(1"}} b
fain, - an_1x, (0an)} = A Larn, - an_1x, a0}

where A\ == —X\; —--- =\, — 0



The differential on C(V)

Assume that (V, [—,—]) is a dPVA.

Definition
FOI’ffGOO Vﬂ, ff :—mO[[fA—}”)\:QIV—)V;
For Q = {{—A1 A — € C™(V), let

d(Q) : yertl) v®<n+1> AL, ..., An] be
d(Q)xy,...an (@1, ..., Gny1)
i "+s+1[[am5{aul 3 An g A1 Bl (s)
[{Eap\l e On—1x,_ 1 On A 4t An Ont1] L
+ Z(—l)n+3{01A1 i @s1ng g [@sx, Qo1 At 1 Qs g2 - AR Gny1 L

+ ()" fazr; - @, [arn ania [} -

V.

Notation for first and third terms: as in 6(X); for fourth: {B.c' @ ¢'}r = @ {Buc"'}
for second: [(b1 ® -+ @ bn)pa]r = [b1u+2a] @1 (|z=0b2 @ -+ @ by,)



The differential on C (V) (example)

Example

Let D € C1(V) ~ derivation commuting with &.
d(D)x(a,b) = D([axb]) — [D(a)rb] — [axD(b)],

where on first term of RHS D(d ® ¢’) := D(d) @ " + ¢ @ D(").
One has d(D) € C%(V) because one can check:

d(D)x(a,bc) = d(D)x(a,b) c+ b d(D)x(a,c),

d(D)x(a,b) = —|z=0 d(D)—r—z(b,a)’ .

Finally, d? : C°(V) — C2%(V) is the trivial map:
d2(fa)u(b7 ¢) = —la, [buc]] + [la, bl uc] + [byla, c]]

= — ([ax[bucllr — [bularcllr — [laxblr+uclr) rx=0
+ ([bulaxcl]r — [aalbucllr — [[bpalr+puclr) [x=0 = 0




The variational dPVA cohomology

Theorem
Let V be a PVA, C(V) be the space of multifold \-brackets.

Then, the linear map d gives a well-defined map d : C™(V) — C"1(V).
Moreover, d* = 0.

variational dPVA cohomology
dP,H(V) = H(C(V),d)




The variational dPVA cohomology

Theorem
Let V be a PVA, C(V) be the space of multifold \-brackets.

Then, the linear map d gives a well-defined map d : C™(V) — C"1(V).
Moreover, d* = 0.

variational dPVA cohomology
dP,H(V) = H(C(V),d)

dP,H(V) = fgfvl)g | [fa, b]]f :}0, for every b € V} = Cas(V)

1 -derivations of V
dPvH ( ) {inner dPVA-derivations of V}
_ {D€Der(V)|Dod=00D, D([arb])=

{[[ff, ~JIfevy

dPVHz(V) controls formal deformations. See also [Zheng-Tan, private com.]

[D(a)rb]+[axD(®)]}




The map I'(V) — C(V)

For f €V =T°(V), let Po(f) = [f.
For X € T™(V), n > 1, define P,,(X) : V" — VO [\;, ..., \p—1] by

"_1 s(n s)

s+1
)\n:AL m(s+1,s+2)oa OX)\US(l) ,,,,, )\O.S(n) oo
s=0

Proposition

Q Let X e I™(V). Then P,(X) € C™(V).
@ Let X € I™(V). Then P,(0X) =0

Q Let X e I™(V) and Y € I"™(V). Then Ppyn([X,Y]) =0




The map I'(V) — C(V)

For f €V =T°(V), let Po(f) = [f.
For X € T™(V), n > 1, define P,,(X) : V" — VO [\;, ..., \p—1] by

"_1 s(n s)

s+1
m(s+1,s+2)oa OX)\US(l) ,,,,, )\O.S(n) oo

s=0 )\n:AL

Proposition

Q Let X e I™(V). Then P,(X) € C™(V).
@ Let X € I(V). Then P,(0X) =

Q Let X e I™(V) and Y € I"™(V). Then Ppyn([X,Y]) =0

(2)+(3): the maps factor through P : T'(V) — C(V)



The map I'(V) — C(V) in cohomology

Proposition

For every X € T™(V), n € Zs, we have

(n+ 1)Prr1(5(X)) = (n+ 65,0)(=1)" d(Pn(X))

(V) —— (V) ) — s ()

o) —L s o) (V) —— emtL ()



The map I'(V) — C(V) in cohomology

Proposition

For every X € T™(V), n € Zs, we have

(n+ 1)Prr1(5(X)) = (n+ 65,0)(=1)" d(Pn(X))

() ——ri(v) () — s P ()
l lp] n,Pnl | l(rﬂrl)])n+l
o) —L s o) oy L ety

Theorem
Vn € Z>o the maps P,, : IT™(V) — C™(V) give linear maps in cohomology

dH" (V) — dP HM(V).

In particular, dH°,;(V) ~ dP,H(V) provided that Py is injective.

= = =




Calculations

Let V:=Ry =k(ul”) | i € I,p € Zso)
~> algebra of NC differential polynomials in ¢ variables uy, ..., uy.

Let M € Z>g and let K = (K;;); ,_; € GLy(k) be a symmetric matrix, if
M is odd, or a skew-symmetric matrix, if M is even.

Get a dPVA structure on V from {u;yu;} = Kji(1®@ 1) M.

Theorem
When M = 0, dPyH" (V) = dok. J

When M > 1, dPyH"(V) can be characterized more or less explicitly.
This is very tedious, see [F-V, Chapter 12] for details...



Calculations (M = 1)

V =Ry K= (Kij)f,jzl € GLy(k) symmetric
W{UZAUJ}:K]Z(l(@l))\ fori,j=1,...,¢



Calculations (M = 1)

V:i=Ry K = (Kij)f’jzl € GL/(k) symmetric
W{UZAUJ}:K]Z(l(@l))\ fori,j=1,...,¢
Example (dP,H'(V) ~ k! @ s0,)

For a € k%, b € Vs ~ s0y, setting wj == >, (K1) nup,
Dgy € Vect(V)? defined on generators by D, (u;) = a; + Zjef bjiw;




Calculations (M = 1)

V:i=Ry K = (Kij)f’jzl € GL/(k) symmetric
W{UZAUJ}:K]Z(l(@l))\ fori,j=1,...,¢
Example (dP,H'(V) ~ k! @ s0,)

For a € k%, b € Vs ~ s0y, setting wj == >, (K1) nup,
Dqp € Vect(V)? defined on generators by D, (ui) = ai + Y c; bjiw;

Example (dP,H?*(V): First-order formal deformation)
Forbe Vo ~s0p, c€ V3 (Cijk: = Cjki)
fuinu; 32 = Kji(1 @ DA+ ebj(1® 1) + € X, (chgiwn ® 1 — 1 ® chijwn)

New dPVA structures (that are like affine PVAs V(g))
faav} = (ly)x QDA+ (zly)y (1@ 1) + (zocy) ©1 -1 (y o 7)
(|)x symmetric, (-|-), skewsymmetric, o. associative product

|
with (zly oc 2)k = (z 0c y|2) K, (2|y 0c 2)p + (yl2 0c T)p + (2]@ 00 Y)p = 0



Relation to the Kontsevich-Rosenberg principle

Vn generated by symbols a;;, Va € V, 1 <i,5 < N.
Rules : 11']‘ = (Si]‘, ((1, + b)ilj = aij + bL‘J', ((J,b)ij‘ = er (inkbkj-
0 lifts to Vv as follows on generators: 9(a;;) := 0(a)i;

Theorem ([De Sole-Kac-Valeri,'15])
If (V,[—x—]) is a dPVA then, for any N > 1,
Vn is a PVA for the \-bracket {—x—} uniquely defined by

{aijrbu} = Z cr;ﬁ AT where [axb] := Z(c” )N
r>0 r>0

Proof.
{aij \{bripcuw}} — {bripfaiycun}t — {{aij \br}rtucunt
=+ ([ar[bucllr — [bplaxcllr — [[[[a/\b]]/\JruC]]L)uj,il,kv
= ([bulaxc]lz — [ax[bucllr = [lbualr+ucl L)y ip




The trace map tr: C(V) = C(Vy)

n = 0: one has tr : V — Vy given by tr(f) = Zfil fii
which descends to tr : CO(V) — CO(Vy), tr([f) = [(tr f)

n = 1: one has tr : C1(V) — Der(Vy) given by tr(D)(a;;) = D(a);;
D commutes with 9 ~ tr(D) € C*(Vy)

n = 2: one has tr : C?(V) — C?(Vy) given by

tr({—x—1)(aij, br) == ZCT?@ AT for fanb} = Z(CW @ YA

r>0 r>0

(cf. previous theorem)

n 2= 3: explicit “higher formulas”



Operations on representation algebras

Theorem

Assume that (V, [—x—]) is a dPVA and let (Vn,[—x—]) be the
corresponding PVA obtained through the previous theorem.
Then, there is a morphism of complexes

tr: (C(V),d) — (C(Vn), (=1)*dn),

which descends to a linear map dP H (V) — P H(Vy) in cohomology.
Furthermore, by GL-invariance, this descends to a linear map
dP H(V) — P H(VS) in cohomology.




Operations on representation algebras

Theorem

Assume that (V, [—x—]) is a dPVA and let (Vn,[—x—]) be the
corresponding PVA obtained through the previous theorem.
Then, there is a morphism of complexes

tr: (C(V),d) — (C(Vn), (=1)*dn),

which descends to a linear map dP H (V) — P H(Vy) in cohomology.
Furthermore, by GL-invariance, this descends to a linear map
dP H(V) — P H(VS) in cohomology.

In fact, this can be related to the theorem for dPA through:
@ the jet construction (d)PA—(d)PVA;
e the quotient construction (d)PVA—(d)PA.

See [F-V, Chapters 14-15]



Thank you for listening !

Maxime Fairon
maxime.faironQu-bourgogne.fr e maxime.fairon@Qube.fr
mfairon.perso.math.cnrs.fr/


https://mfairon.perso.math.cnrs.fr/

	Motivation
	PVA cohomology
	DPA and DPVA
	dPVA cohomology
	Final

