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Classical Poisson cohomology

Fix a commutative associative k-algebra A (⊗ := ⊗k)

Recall (A, {−,−}) is a Poisson algebra if {−,−} : A⊗A → A linear s.t.

(skewsymmetry) {x, y} = −{y, x}
(Leibniz rules) {x, yz} = y{x, z}+ {x, y}z , {xy, z} = x{y, z}+ {x, z}y
(Jacobi identity) {x, {y, z}} − {y, {x, z}} = {{x, y}, z}

Xn(A) ⊂ Hom(∧nA,A) spanned by elements P s.t.
P (ab, a2, . . . , an) = aP (b, a2, . . . , an) + bP (a, a2, . . . , an) .

δnCE(P )(x1, . . . , xn+1) =
∑

1≤i≤n+1

(−1)i+1{xi, P (x1,
i
ˇ. . ., xn+1)}

+
∑

1≤i<j≤n+1

(−1)i+jP ({xi, xj}, x1,
i
ˇ. . .,

j

ˇ. . ., xn+1) .

From CE differential ⇝ HCE(A) := H(X(A), δCE).
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Kontsevich-Rosenberg principle

Field k char. 0, k = k

Following [Kontsevich, ’93] and [Kontsevich-Rosenberg, ’99] (N ∈ N×)

associative k-algebra → commutative k-algebra
A −→ AN := k[Rep(A, N)]

AN is generated by symbols aij , ∀a ∈ A, 1 ≤ i, j ≤ N .
Rules : 1ij = δij , (a+ b)ij = aij + bij , (ab)ij =

∑
k aikbkj .

Goal: Find a property Pnc on A that gives the usual property P
on AN for all N ∈ N×

NC Poisson cohomology ⇒ Poisson cohomology [Talk, NA Day Online, 22/12/25]

Today: NC PVA cohomology ⇒ PVA cohomology
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PVA

Fix a differential commutative associative k-algebra V , ∂ ∈ Der(V )

A λ-bracket on V is a linear map {−λ−} : V ⊗ V → V [λ] satisfying

(skewsymmetry) {aλb} = −(|x=∂{b−λ−xa})
(Leibniz rules) {aλbc} = b{aλc}+ {aλb}c ,

{abλc} = {aλ+xc}(|x=∂b) + {bλ+xc}(|x=∂a)

(sesquilinearity) {∂aλb} = −λ{aλb} , {aλ∂b} = (λ+ ∂){aλb}

(V, {−λ−}) is a Poisson vertex algebra (PVA) when also

(Jacobi identity) {aλ{bµc}} − {bµ{aλc}} − {{aλb}λ+µc} = 0

Example

If (A, {−,−}) is a Poisson algebra, then its jet algebra J∞A is a PVA for
the λ-bracket uniquely determined by: ∀a, b ∈ A, {aλb} = {a, b}.
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Big picture about PVA cohomologies

Mainly from [De Sole-Kac, 2013]

Γ̃(V ) space of basic cochains
⇝ basic PVA cohomology Hbas(V )

Γ(V ) = Γ̃(V )/∂Γ̃(V )
⇝ reduced PVA cohomology Hred(V )

Cn(V ) space of n-λ-brackets
⇝ variational PVA cohomology PvH(V )

Hbas(V ) Hred(V )

PvH(V )

Vertical map obtained from an injection Γ(V ) ↪→ C(V )
For an algebra of differential polynomials: iso thus Hred(V ) ≃ PvH(V )



Basic cochains Γ̃(V )

degree 0: Γ̃0(V ) = V

degree n ≥ 1: X ∈ Γ̃n(V ) is a basic n-cochain when

X : V ⊗n → V [λ1, . . . , λn] , a1 ⊗ · · · ⊗ an 7→ Xλ1,...,λn(a1, . . . , an) ,

satisfies skewsymmetry + Leibniz rules + sesquilinearity as

Xλ1,...,λn
(a1, . . . , an) = − sgn(τ)Xλτ(1),...,λτ(n)

(aτ(1), . . . , aτ(n)), ∀τ ∈ Sn;

Xλ1,...,λn
(a1, . . . , ai−1, bc, ai+1, . . . , an)

= Xλ1,...,λi−1,λi+x,λi+1,...λn
(a1, . . . , ai−1, b, ai+1, . . . , an)(|x=∂c)

+Xλ1,...,λi−1,λi+x,λi+1,...λn
(a1, . . . , ai−1, c, ai+1, . . . , an)(|x=∂b);

Xλ1,...,λn
(a1, . . . , ai−1, ∂ai, ai+1, . . . , an)

= −λiXλ1,...,λn
(a1, . . . , ai−1, ai, ai+1, . . . , an).

∃ concatenation product Γ̃n(V )⊗ Γ̃ℓ(V ) → Γ̃n+ℓ(V )

∂ ↷ Γ̃n(V ) by (∂X)λ(a) := (λ1 + · · ·+ λm + ∂)Xλ(a)
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The differential on Γ̃(V )

Assume that (V, {−λ−}) is a PVA.

Definition

For every X ∈ Γ̃n(V ) let δ̃(X) : V ⊗(n+1) → V [λ1, . . . , λn+1] be

δ̃(X)λ1,...,λn+1(a1, . . . , an+1)

=

n+1∑
i=1

(−1)i+1
{
aiλi

X
λ1,

i
.̌..,λn+1

(a1,
i
ˇ. . ., an+1)

}
+

∑
1≤i<j≤n+1

(−1)i+jX
λi+λj ,λ1,

i
.̌..

j
.̌..,λn+1

(
{
aiλi

aj
}
, a1,

i
ˇ. . .

j

ˇ. . ., an+1) .

Example

n = 0, 1: δ̃(c) = {−λc}; δ̃(X)λ,µ(a, b) = {aλXµ(b)} − {bµXλ(a)} −Xλ+µ({aλb})

Then δ̃2(c)λ,µ(a, b) = {aλ{bµc}} − {bµ{aλc}} − {{aλb}λ+µc}
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The basic PVA cohomology

Theorem ([De Sole-Kac, 2013])

Let V be a PVA and let Γ̃(V ) be the space of basic cochains.

(a) The linear map δ̃ gives a well-defined map δ̃ : Γ̃n(V ) → Γ̃n+1(V ).

(b) It commutes with the action of ∂ on Γ̃(V ). Moreover, δ̃2 = 0.

basic PVA cohomology

Hbas(V ) = H(Γ̃(V ), δ̃) =
⊕

n∈Z≥0

Hn
bas(V )

Hn
bas(V ) = ker(δ̃|

Γ̃n(V )
)/δ̃(Γ̃n−1(V ))



The reduced PVA cohomology

By the theorem, (∂Γ̃(V ), δ̃) ⊂ (Γ̃(V ), δ̃) is a subcomplex.

Then, form the complex (Γ(V ), δ) where

Γ(V ) = Γ̃(V )/∂Γ̃(V ) =
⊕

n∈Z≥0

Γn(V ) , Γn(V ) = Γ̃n(V )/∂Γ̃n(V ) ,

and δ : Γ(V ) → Γ(V ) is induced by δ̃.

Reduced PVA cohomology

Hred(V ) = H(Γ(V ), δ) =
⊕

n∈Z≥0

Hn
red(V )



poly-λ-brackets C(V )

degree 0: C0(V ) = V♯ := V/∂V

degree n ≥ 1: A n-λ-bracket is

{−λ1 − · · · − λn−1−} : V ⊗n → V [λ1, . . . , λn−1]

that satisfies skewsymmetry + Leibniz rules + sesquilinearity as

{a1λ1 · · · an−1λn−1an} = sgn(τ)|λn=λ†
n
{aτ(1)λτ(1)

· · · aτ(n−1)λτ(n−1)
aτ(n)}

∀τ ∈ Sn where λ†
n := −λ1 − · · · − λn−1 − ∂;

{a1λ1
· · · bcλi

. . . an−1λn−1
an}

1⩽i⩽n−1
= {a1λ1

· · · bλi+x . . . an−1λn−1
an}(|x=∂c)

+{a1λ1
· · · cλi+x . . . an−1λn−1

an}(|x=∂b);

{a1λ1
· · · λi−1

(∂ai)λi
· · · an−1λn−1

an}
1⩽i⩽n−1

= −λi{a1λ1
· · · an−1λn−1

an}
{a1λ1

· · · an−1λn−1
(∂an)} = (λ1 · · ·+ λn−1 + ∂){a1λ1

· · · an−1λn−1
an}.



The differential on C(V )

Assume that (V, [−λ−]) is a PVA.

Definition

For every c := {−λ1 − · · · − λn−1−} ∈ Cn(V ) let

d(c) : V ⊗n+1 → V [λ1, . . . , λn] be

d(c)λ1,...,λn
(a1, . . . , an+1) =

n+1∑
s=1

(−1)s+1|λn+1=λ†
n+1

[
asλs

{a1λ1

s
ˇ. . . anλn

an+1}
]

+
∑

1≤s<t≤n+1

(−1)s+t|λn+1=λ†
n+1

{[asλs
at]λs+λt

a1λ1

s
ˇ. . .

t
ˇ. . . anλn

an+1} .

Example

n = 0, 1: d(
∫
a) = −[aλ−]|λ=0 = −[

∫
a,−];

d(D)λ(b, c) = [D(b)λc] + [bλD(c)]−D([bλc])

Then d2(
∫
a)λ(b, c) = ([aµ[bλc]]− [bλ[aµc]]− [[aµb]λ+µc]) |µ=0
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The variational PVA cohomology

Theorem ([De Sole-Kac, 2009&2013])

Let V be a PVA and let C(V ) be the space of poly-λ-brackets.
Then, the linear map d gives a well-defined map d : Cn(V ) → Cn+1(V ).
Moreover, d2 = 0.

variational PVA cohomology

PvH(V ) = H(C(V ),d) =
⊕

n∈Z≥0

PvH
n(V )

PvH
n(V ) = ker(d|Cn(V ))/ d(C

n−1(V ))

PvH
0(V ) = {

∫
a ∈ V♯ | [

∫
a, b] = 0∀b ∈ V } =: Cas(V ) (centre of V♯ ↷ V )

PvH
1(V ) = Der((V, [−λ−]))/ Inn(V )



Plan for the talk

1 Motivation

2 PVA cohomologies
3 dPA and dPVA

a) dPA and their cohomology
b) dPVA as NC versions of PVA

4 dPVA cohomology



Double (Poisson) brackets

A is a unital associative fin. gen. algebra over k, ⊗ := ⊗k

Definition ([Van den Bergh,’08])

A double bracket is a k-linear map {{−,−}} : A⊗A → A⊗A s.t.

1 {{a, b}} = −{{b, a}}σ (cyclic skewsymmetry)

2 {{a, bc}} = (b⊗ 1) {{a, c}}+ {{a, b}} (1⊗ c) (outer derivation)

3 {{ad, b}} = (1⊗ a) {{d, b}}+ {{a, b}} (d⊗ 1) (inner derivation)

A double bracket is Poisson if “double Jacobiator” DJac : A⊗3 → A⊗3,

DJac(a, b, c) = {{a, {{b, c}}}}L + τ(123) {{b, {{c, a}}}}L + τ(132) {{c, {{a, b}}}}L
is identically zero.

In the def, we use:
(a1 ⊗ · · · ⊗ ak)

σ = ak ⊗ a1 ⊗ · · · ⊗ ak−1 (k = 2) and {{a,X ′ ⊗X ′′}}L := {{a,X ′}} ⊗X ′′

We work over k, although everything works over B ↪→ A



Relation to the Kontsevich-Rosenberg principle

AN generated by symbols aij , ∀a ∈ A, 1 ≤ i, j ≤ N .
Rules : 1ij = δij , (a+ b)ij = aij + bij , (ab)ij =

∑
k aikbkj .

Theorem ([Van den Bergh,’08])

If A has a double bracket {{−,−}}, then for any N ≥ 1
AN := k[Rep(A, N)] has an antisymmetric biderivation {−,−} defined by

{aij , bkl} = {{a, b}}′kj {{a, b}}′′il .
If {{−,−}} is Poisson, then {−,−} is a Poisson bracket.

Proof.

Jac(aij , bkl, cuv) = DJac(a, b, c)uj,il,kv − DJac(a, c, b)kj,iv,ul



multibrackets

A n-bracket on A is a linear map {{−, . . . ,−}} : A⊗n → A⊗n such that
(cyclic skewsymmetry) + (Leibniz rule), i.e.

{{a1, a2, . . . , an}}= (−1)n−1 {{a2, . . . , an, a1}}σ,
{{a1, . . . , an−1, bc}}= b {{a1, . . . , an−1, c}}+ {{a1, . . . , an−1, b}} c .

⇝ Leibniz rule in each entry

BR(A)n = spank{all n-brackets}, BR(A) := ⊕n≥1BR(A)n

Completed in degree 0 : B̂R(A) = ⊕n≥0B̂R(A)n with

B̂R(A)0 = A♯ := A/[A,A] and B̂R(A)n = BR(A)n



The differential

We follow Chapter 4 of [F-Valeri,2509.21232]

Recall: B̂R(A) = ⊕n≥0B̂R(A)n with

B̂R(A)0 = A♯ := A/[A,A] and B̂R(A)n = spank{all n-brackets}

We denote the double Poisson bracket as J−,−K

Definition

d̂ : B̂R(A) → ⊕n≥0 Homk(A⊗(n+1),A⊗(n+1)) is defined in deg. 0 by

d̂(ā) : A → A, d̂(ā) := −m ◦ Ja,−K, (a ∈ A lift of ā ∈ A♯)

in deg.n ≥ 1 : d̂({{−}})(a1 ⊗ . . .⊗ an+1)

=

n+1∑
i=1

(−1)ni σi {{ai+1, . . . , an+1, a1, . . . , ai−2, Jai−1, aiK}}L

+

n+1∑
i=1

(−1)ni σi−1 Jai, {{ai+1, . . . , an+1, a1, . . . , ai−1}} KL

Recall: (a1 ⊗ · · · ⊗ an+1)
σ = an+1 ⊗ a1 ⊗ · · · ⊗ an



The cohomology

Theorem

Consider the operation d̂ from the previous definition

1 For any n ≥ 0, d̂(B̂R(A)n) ⊂ B̂R(A)n+1.

Hence, we can view d̂ as a degree +1 endomorphism of B̂R(A).

2 The linear map d̂ is a square-zero differential on B̂R(A).

completed double Poisson cohomology

d̂PH(A) =H(B̂R(A), d̂)



Operations on representation algebras

Theorem

Assume that J−,−K ∈ B̂R(A)2 is a double Poisson bracket, and let
{−,−} = tr(J−,−K) denote the associated Poisson bracket on AN .
Then, there is a morphism of complexes

tr : (B̂R(A), d̂) −→ (X(AN ), (−1)• δAN ,{−,−}),

which descends to a linear map d̂PH(A) → HCE(AN ) in cohomology.
Furthermore, by GLN -invariance, this descends to a linear map
d̂PH(A) → HCE(AGLN

N ) in cohomology.

Proof.

Commutativity of

B̂R(A)k−1 B̂R(A)k

Xk−1(AN ) Xk(AN )

d̂

(−1)k−1 δk−1
tr tr



2-fold λ-brackets

(V, ∂) is a differential unital assoc. algebra

Definition ([De Sole-Kac-Valeri,’15])

A 2-fold λ-bracket is a k-linear map {{−λ−}} : V⊗2 → V⊗2[λ] s.t.

1 {{aλb}} = − (|x=∂{{b−λ−xa}}σ) (cyclic skewsymmretry)

2 {{aλbc}} = (b⊗ 1) {{aλc}}+ {{aλb}} (1⊗ c) (left Leibniz rule)

3 {{adλb}} = (1⊗ |x=∂a) {{dλ+xb}}+ {{aλ+xb}} (|x=∂d⊗ 1) (right Leibniz rule)

4 {{∂aλb}} = −λ{{aλb}}, {{aλ∂b}} = (λ+ ∂){{aλb}} (sesquilinearity)

Note: under (1), (2) and (3) are equivalent. So only need (1),(2),(4)



DPVA

(V, ∂) with 2-fold λ-bracket {{−λ−}} : V⊗2 → V⊗2[λ]. We define:
{{aλ(b⊗ c)}}L := {{aλb}} ⊗ c , {{aλ(b⊗ c)}}R := b⊗ {{aλc}} ,
{{(a⊗ b)λc}}L := {{aλ+xc}} ⊗1 (|x=∂b) . for (x′ ⊗ x′′)⊗1 y := x′ ⊗ y ⊗ x′′

Definition (DPVA, [De Sole-Kac-Valeri,’15])

(V, ∂, {{−λ−}}) is a double Poisson vertex algebra when ∀a, b, c ∈ V

{{aλ{{bµc}}}}L − {{bµ{{aλc}}}}R − {{{{aλb}}λ+µc}}L = 0 .

Example ([DSKV,’15])

For V1 = k⟨uj | j ∈ Z≥0⟩, ∂ : uj 7→ uj+1.
Unique DPVA structure such that {{u0λu0}} = 1⊗ u0 − u0 ⊗ 1 + (1⊗ 1)λ

Example ([Bozec-F-Moreau,’25])

If (A, {{−λ−}}) is a DPA, then its jet algebra J∞A is a DPVA for the unique
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DPVA
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Plan for the talk

1 Motivation

2 PVA cohomologies

3 dPA and dPVA

4 dPVA cohomology



Big picture about DPVA cohomologies

We will follow Chapters 9,10 & 13 of [F-Valeri,2509.21232]

Γ̃(V) space of basic (NC) cochains
⇝ basic PVA cohomology dHbas(V)

Γ(V) = Γ̃(V)/
(
[Γ̃(V), Γ̃(V)] + ∂Γ̃(V)

)
⇝ reduced PVA cohomology dHred(V)

Cn(V) space of n-fold λ-brackets
⇝ variational PVA cohomology dPvH(V)

dHbas(V) dHred(V)

dPvH(V)

Hbas(VN ) Hred(VN )

PvH(VN )

Use functors (V, ∂) −→ (VN , ∂) for differential algebras ( ∂(aij) := (∂a)ij )

Algebras of NC differential polynomials: vertical maps are isomorphisms



NC basic cochains Γ̃(V)
degree 0: Γ̃0(V) = V
degree n ≥ 1: X ∈ Γ̃n(V) is a basic n-cochain when

X : V⊗n → V⊗(n+1)[λ1, . . . , λn] , a1 ⊗ · · · ⊗ an 7→ Xλ1,...,λn(a1, . . . , an) ,

satisfies skewsymmetry Leibniz rules + sesquilinearity as
Xλ1,...,λn

(a1, . . . , ai−1, bc, ai+1, . . . , an)

= (|x=∂b) ⋆i Xλ1,...,λi−1,λi+x,λi+1,...λn
(a1, . . . , ai−1, c, ai+1, . . . , an)

+Xλ1,...,λi−1,λi+x,λi+1,...λn
(a1, . . . , ai−1, b, ai+1, . . . , an) ⋆n+1−i (|x=∂c);

Xλ1,...,λn
(a1, . . . , ai−1, ∂ai, ai+1, . . . , an)

= −λiXλ1,...,λn
(a1, . . . , ai−1, ai, ai+1, . . . , an).

⋆j says how many jumps over tensor products to perform:

b ⋆i (a1 ⊗ · · · ⊗ an+1) ⋆n+1−i c = a1 ⊗ · · · ⊗ aic⊗ bai+1 ⊗ · · · ⊗ an+1

∃ (graded) concatenation product Γ̃n(V)⊗ Γ̃ℓ(V) → Γ̃n+ℓ(V)
∂ ↷ Γ̃n(V) by (∂X)λ(a) := (λ1 + · · ·+ λm + ∂)Xλ(a)
∂(a1 ⊗ · · · ⊗ an+1) :=

∑n+1
j=1 a1 ⊗ · · · ⊗ ∂(aj)⊗ · · · ⊗ an+1



NC basic cochains Γ̃(V)
degree 0: Γ̃0(V) = V
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∃ (graded) concatenation product Γ̃n(V)⊗ Γ̃ℓ(V) → Γ̃n+ℓ(V)
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The differential on Γ̃(V)
Assume that (V, J−λ−K) is a dPVA.

Definition

For every X ∈ Γ̃n(V) let δ̃(X) : V⊗(n+1) → V⊗(n+2)[λ1, . . . , λn+1] be

δ̃(X)λ1,...,λn+1(a1, . . . , an+1) =

n+1∑
s=1

(−1)s+1Jasλs
X

λ1,
s
.̌..,λn+1

(a1,
s
ˇ. . ., an+1)K(s)

+

n∑
s=1

(−1)sX
(s)
λ1,...,λs−1,λs+λs+1,λs+2,...,λn+1

(a1, . . . , as−1, Jasλs
as+1K, as+2, . . . , an+1)

Jaλ(b1 ⊗ · · · ⊗ bn+1)K(s) = b1 ⊗ · · · ⊗ JaλbsK ⊗ · · · ⊗ bn+1

X
(s)
µ (b1, . . . , bs ⊗ C, . . . , bn+1)=Xµ1,...,µs+x,...,µn+1(b1, . . . , bs, . . . , bn+1)⊗n+1−s |x=∂C

↬ replace µs by µs + ∂ acting on C which goes in tensor position s+ 1

Example (n = 0, 1)

δ̃(c) = J−λcK; δ̃(X)λ,µ(a, b) = JaλXµ(b)K(1) − JbµXλ(a)K(2) −X
(1)
λ+µ(JaλbK)

Then δ̃2(c)λ,µ(a, b) = JaλJbµcKKL − JbµJaλcKKR − JJaλcKλ+µcKL
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The basic dPVA cohomology

Theorem

Let V be a PVA and let Γ̃(V) be the (super)space of basic cochains.

(a) The linear map δ̃ gives a well-defined map δ̃ : Γ̃n(V) → Γ̃n+1(V).
Moreover, δ̃2 = 0.

(b) δ̃ commutes with the action of ∂ on Γ̃(V ).

(c) δ̃ acts as an odd derivation, in particular it preserves the subspace of
graded commutators [Γ̃(V), Γ̃(V)].

basic dPVA cohomology

dHbas(V) = H(Γ̃(V), δ̃)



The reduced dPVA cohomology

By the theorem, we get a subcomplex

(∂Γ̃(V) + [∂Γ̃(V), ∂Γ̃(V)], δ̃) ⊂ (Γ̃(V), δ̃)

Then, form the complex (Γ(V), δ) where

Γ(V) =
⊕

n∈Z≥0

Γn(V) , Γn(V) = Γ̃n(V)/
(
∂Γ̃n(V) + [∂Γ̃(V), ∂Γ̃(V)]

)
and δ : Γ(V) → Γ(V) is induced by δ̃.

Reduced dPVA cohomology

dHred(V) = H(Γ(V), δ)



multi-fold λ-brackets C(V)

degree 0: C0(V) = V♯ := V/(∂V + [V,V])

degree n ≥ 1: A n-fold λ-bracket is

{{−λ1 − · · · − λn−1−}} : V⊗n → V⊗n[λ1, . . . , λn−1]

that satisfies cyclic skewsymmetry + Leibniz rules + sesquilinearity as

{{a1λ1
. . . an−1λn−1

an}} = (−1)n+1
(∣∣

λn=λ†
n
{{a2λ2

. . . anλn
a1}}σ

)
;

{{a1λ1 · · · λi−1bcλi . . . an−1λn−1an}}
1⩽i⩽n−1

= (|x=∂b) ⋆i {{a1λ1 · · · λi−1cλi+x . . . an−1λn−1an}}
+{{a1λ1 · · · λi−1bλi+x . . . an−1λn−1an}} ⋆n−i (|x=∂c);

{{a1λ1
· · · λi−1

(∂ai)λi
· · · λn−1

an}}
1⩽i⩽n−1

= −λi{{a1λ1
· · · λi−1

aiλi
· · · λn−1

an}}
{{a1λ1 · · · an−1λn−1(∂an)}} = −λ†

n{{a1λ1 · · · an−1λn−1an}}.

where λ†
n := −λ1 − · · · − λn−1 − ∂



The differential on C(V)

Assume that (V, J−λ−K) is a dPVA.

Definition

For
∫
f ∈ C0(V) = V♯, d(

∫
f) = −m ◦Jfλ − K|λ=0 : V → V;

For Q = {{−λ1 − · · · −λn−1 −}} ∈ Cn(V), let
d(Q) : V⊗(n+1) → V⊗(n+1)[λ1, . . . , λn] be

d(Q)λ1,...,λn(a1, . . . , an+1)

=
n∑

s=1

(−1)n+s+1Jasλs{{a1λ1

s
ˇ. . . anλnan+1}}K(s)

− J{{a1λ1 . . . an−1λn−1an}}λ1+···+λnan+1KL

+

n∑
s=1

(−1)n+s{{a1λ1 . . . as−1λs−1Jasλsas+1Kλs+λs+1as+2 . . . λnan+1}}L

+ (−1)n+1{{a2λ2 . . . anλnJa1λ1an+1K}}R .

Notation for first and third terms: as in δ̃(X); for fourth: {{Bµc
′ ⊗ c′′}}R = c′ ⊗ {{Bµc

′′}}
for second: J(b1 ⊗ · · · ⊗ bn)µaKL = Jb1µ+xaK ⊗1 (|x=∂b2 ⊗ · · · ⊗ bn)



The differential on C(V) (example)

Example

Let D ∈ C1(V) ⇝ derivation commuting with ∂.

d(D)λ(a, b) = D(JaλbK)− JD(a)λbK − JaλD(b)K ,

where on first term of RHS D(c′ ⊗ c′′) := D(c′)⊗ c′′ + c′ ⊗D(c′′).
One has d(D) ∈ C2(V) because one can check:

d(D)λ(a, bc) = d(D)λ(a, b) c+ b d(D)λ(a, c) ,
d(D)λ(a, b) = −|x=∂ d(D)−λ−x(b, a)

σ .

Finally, d2 : C0(V) → C2(V) is the trivial map:

d2(
∫
a)µ(b, c) = −[a, JbµcK] + J[a, b]µcK + Jbµ[a, c]K

=− (JaλJbµcKKL − JbµJaλcKKR − JJaλbKλ+µcKL) |λ=0

+ (JbµJaλcKKL − JaλJbµcKKR − JJbµaKλ+µcKL) |λ=0 = 0



The variational dPVA cohomology

Theorem

Let V be a PVA, C(V) be the space of multifold λ-brackets.

Then, the linear map d gives a well-defined map d : Cn(V) → Cn+1(V).

Moreover, d2 = 0.

variational dPVA cohomology

dPvH(V) = H(C(V),d)

dPvH
0(V) = {

∫
a ∈ V♯ |

q∫
a, b

y
= 0 , for every b ∈ V} = Cas(V)

dPvH
1(V) = {dPVA-derivations of V}

{inner dPVA-derivations of V}

= {D∈Der(V)|D◦∂=∂◦D, D(JaλbK)=JD(a)λbK+JaλD(b)K}
{J
∫
f,−K|f∈V}

dPvH
2(V) controls formal deformations. See also [Zheng-Tan, private com.]
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The map Γ(V) → C(V)

For f ∈ V = Γ̃0(V), let P̃0(f) =
∫
f .

For X ∈ Γ̃n(V), n ≥ 1, define P̃n(X) : V⊗n → V⊗n[λ1, . . . , λn−1] by

P̃n(X)=

n−1∑
s=0

(−1)s(n−s)

n

∣∣∣
λn=λ†

n

m(s+1,s+2)◦σs+1◦Xλσs(1),...,λσs(n)
◦σ−s

Proposition

1 Let X ∈ Γ̃n(V). Then P̃n(X) ∈ Cn(V).
2 Let X ∈ Γ̃n(V). Then P̃n(∂X) = 0.

3 Let X ∈ Γ̃m(V) and Y ∈ Γ̃n(V). Then P̃m+n([X,Y ]) = 0.

(2)+(3): the maps factor through P : Γ(V) → C(V)
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The map Γ(V) → C(V) in cohomology

Proposition

For every X ∈ Γ̃n(V), n ∈ Z≥0, we have

(n+ 1)P̃n+1(δ̃(X)) = (n+ δn,0)(−1)n d(P̃n(X))

Γ0(V) Γ1(V)

C0(V) C1(V)

δ

= P1

d

Γn(V) Γn+1(V)

Cn(V) Cn+1(V)

δ

nPn (n+ 1)Pn+1

(−1)n d

Theorem

∀n ∈ Z≥0 the maps Pn : Γn(V) → Cn(V) give linear maps in cohomology

dHn
red(V) → dPvH

n(V) .

In particular, dH0
red(V) ≃ dPvH

0(V) provided that P1 is injective.
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Calculations

Let V := Rℓ = k⟨u(p)i | i ∈ I, p ∈ Z≥0⟩
⇝ algebra of NC differential polynomials in ℓ variables u1, . . . , uℓ.

Let M ∈ Z≥0 and let K = (Kij)
ℓ
i,j=1 ∈ GLℓ(k) be a symmetric matrix, if

M is odd, or a skew-symmetric matrix, if M is even.

Get a dPVA structure on V from {{uiλuj}} = Kji(1⊗ 1)λM .

Theorem

When M = 0, dPvH
n(V) = δn0k.

When M ≥ 1, dPvH
n(V) can be characterized more or less explicitly.

This is very tedious, see [F-V, Chapter 12] for details...



Calculations (M = 1)

V := Rℓ, K = (Kij)
ℓ
i,j=1 ∈ GLℓ(k) symmetric

⇝ {{uiλuj}} = Kji(1⊗ 1)λ for i, j = 1, . . . , ℓ

Example (dPvH
1(V) ≃ kℓ ⊕ soℓ)

For a ∈ kℓ, b ∈ V2 ≃ soℓ, setting wj :=
∑

h(K
−1)jhuh,

Da,b ∈ Vect(V)∂ defined on generators by Da(ui) = ai +
∑

j∈I bjiwj

Example (dPvH
2(V): First-order formal deformation)

For b ∈ V2 ≃ soℓ, c ∈ V3 (cijk = cjki)

{{uiλuj}}b,cϵ = Kji(1⊗ 1)λ+ ϵ bji(1⊗ 1) + ϵ
∑

h (chjiwh ⊗ 1− 1⊗ chijwh)

New dPVA structures (that are like affine PVAs V(g))
{{xλy}} = (x|y)K (1⊗ 1)λ+ ⟨x|y⟩b (1⊗ 1) + (x ◦c y)⊗ 1− 1⊗ (y ◦c x)
(·|·)K symmetric, ⟨·|·⟩b skewsymmetric, ◦c associative product

with (x|y ◦c z)K = (x ◦c y|z)K , ⟨x|y ◦c z⟩b + ⟨y|z ◦c x⟩b + ⟨z|x ◦c y⟩b = 0
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(·|·)K symmetric, ⟨·|·⟩b skewsymmetric, ◦c associative product

with (x|y ◦c z)K = (x ◦c y|z)K , ⟨x|y ◦c z⟩b + ⟨y|z ◦c x⟩b + ⟨z|x ◦c y⟩b = 0



Relation to the Kontsevich-Rosenberg principle

VN generated by symbols aij , ∀a ∈ V, 1 ≤ i, j ≤ N .
Rules : 1ij = δij , (a+ b)ij = aij + bij , (ab)ij =

∑
k aikbkj .

∂ lifts to VN as follows on generators: ∂(aij) := ∂(a)ij

Theorem ([De Sole-Kac-Valeri,’15])

If (V, J−λ−K) is a dPVA then, for any N ≥ 1,
VN is a PVA for the λ-bracket {−λ−} uniquely defined by

{aijλbkl} =
∑
r≥0

cr ′kj c
r ′′
il λ

r, where JaλbK :=
∑
r≥0

(cr ′ ⊗ cr ′′)λr

Proof.

{aijλ{bklµcuv}} − {bklµ{aijλcuv}} − {{aijλbkl}λ+µcuv}
=+ (JaλJbµcKKL − JbµJaλcKKR − JJaλbKλ+µcKL)uj,il,kv

− (JbµJaλcKKL − JaλJbµcKKR − JJbµaKλ+µcKL)kj,iv,ul



The trace map tr : C(V) → C(VN)

n = 0: one has tr : V → VN given by tr(f) =
∑N

i=1 fii

which descends to tr : C0(V) → C0(VN ), tr(
∫
f) =

∫
(tr f)

n = 1: one has tr : C1(V) → Der(VN ) given by tr(D)(aij) = D(a)ij

D commutes with ∂ ⇝ tr(D) ∈ C1(VN )

n = 2: one has tr : C2(V) → C2(VN ) given by

tr({{−λ−}})(aij , bkl) :=
∑
r≥0

cr ′kj c
r ′′
il λ

r, for {{aλb}} :=
∑
r≥0

(cr ′ ⊗ cr ′′)λr

(cf. previous theorem)

n ⩾ 3: explicit “higher formulas”



Operations on representation algebras

Theorem

Assume that (V, J−λ−K) is a dPVA and let (VN , [−λ−]) be the
corresponding PVA obtained through the previous theorem.
Then, there is a morphism of complexes

tr : (C(V), d) −→ (C(VN ), (−1)• dN ),

which descends to a linear map dPvH(V) → PvH(VN ) in cohomology.
Furthermore, by GLN -invariance, this descends to a linear map
dPvH(V) → PvH(VG

N ) in cohomology.

In fact, this can be related to the theorem for dPA through:

the jet construction (d)PA→(d)PVA;

the quotient construction (d)PVA→(d)PA.

See [F-V, Chapters 14-15]
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Thank you for listening !

Maxime Fairon
maxime.fairon@u-bourgogne.fr • maxime.fairon@ube.fr
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